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I. INTRODUCTION

THE need of including additional treatments in factorial designs is felt
in planning experiments to meet various special requirements of the
experimenters.  Usually the additional treatments are included as
(i) controls, (ii) treatment combinations with doses higher than the
experimental ones, (iii) fresh treatments and (iv) repetition of exist-
ing treatments. These are introduced to obtain direct responses of
treatments, an extra point in the response curve, more information on
certain treatments and to ascertain efficiencies of new treatments tried
as exploratory measure. At present the analysis of augmented facto-
rial designs is carried out separately for the factorial treatments’ and
the additional treatments and comparisons between the different treat-
ments are made against the pooled error m.s. obtained from the two
parts of the design.‘q‘ ) '

Das (1954, 1957) and Giri (1957) have given designs and their
analysis which are obtainable by augmenting incomplete block designs.
But augmentation of factorial designs which appears to be specially
useful, does not seem to have received due importance. Healy (1956)
discussed the exact analysis of a 2% design in 4 plot blocks with two
additional treatments per block when there is complete confounding
of the three factor interaction. A general method of exact analysis of
symmetrical and asymmetrical designs augmented with additional
treatments having various types of confounding is not available in
published literature. An attempt has been made in this paper to
evolve a tochnique of exact analysis of different types of augmented
designs, with both complete and partial confounding. In ‘this paper,
methods of analysis of "au'gr,nented‘ 27 30 3x2n 2 X 3 designs in
general and augmented 25, 33, 34, 3x22 3x23 32x2 33x2 designs
in" particular with different schemes of confounding and their relative
efficiencies, have been discussed. An important feature of such
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designs is that the confounded effects can be recovered. Comparison
Between the additional treatments on one hand and the factorial treat-
ments on the other becomes also readily available. Further the eﬁ“l-\

ciency of error variance is increased due to the -augmentation of the 4

dégrees of freedom of error variance in the exact analysis of -such
designs.

1I. AUGMENTED SYMMETRICAL FACTORIAL IDESIGNS

1. Augmented 2" designs with complete confounding—We shall
consider 2" designs in b blocks of size k each in r replications with a-
additional treatments per block, confounding completely (b — 1) inter-
actions. Let B,; be the total of the i-th block in the A-th replication
and B, the total of r blocks having the same set of treatments as in
the z—th block, summed up over all the r replications and the total of
additional treatments in B; by 4.

We now define intra block comparison as
k .
B;=B;— ;A.i (1.1

Then the estimate of each one of the confounded interactions is
provided from the constrast.

b .
X' = X AB, : (1.2)
i=1
Where Z X, =0 and the interaction under consideration deter-
mines A;’s.
It can be shown that
E(X") =rbk.x - (L.3)
where ‘x’ is the effect of the confounded interaction.
The estimate of the confounded interaction to be denoted by:X
is given by '
X' . '
= == 1.4
X bk’ 1.4)

The corresponding S.S. of the confounded interaction X is given
by

ss.n=(1+5). (O, o (1.5)

Y
!

.
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The variance for the interaction effect is given by
(1 ’_‘)
a 2
.__. o-e-t

while in an unconfounded experlment thc varlance of the same mter-

action effect is given by i

1
bk’

/2

Thus the relative information on the confounded interaction in an
augmented completely confounded design comes as: '

_a—{—k o2 a !

Q
X

l

.I X) = bek a rb

(3]

a“

a-l—k'cr:' (I'G)V

where

= Error m.s. based on block size of (k + ) plots

o',z = Brror m.s. based on block size of k& plots containing
all the treatments.

2. Augmented 2* designs with partial confounding.—We shall now
consider.the partially confounded design 2* in & blocks with additional
treatments per block in r replications confounding in each replication
a different set of (b — 1) interactions. Now the estimate of each one
of the confounded interaction will be provided from all the replica-
tions as a weighted estimate the weights being the inverse of variances
of the different estimates obtained from.the different replications.
Writing X’ for the adjusted “contrast of the confounded interaction
from the replicate in which it is confounded and X for the contrast
of the interaction over (r — 1) replications where it is not confounded,

the estimate of the confounded interaction is provided by X where

ar—DX +@t+bX

X= ar + k ‘ ' 2.1

as it caﬁ be shown that the variances of X’ and X are in the ratio of
(r — 1) a:(ar + k).
The estitnate of the interaction X is given by

k+ra % _
(h+@a—0@@ (2.2)

X=
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The corresponding S.S. for the confounded interaction X is given by
(or + k) (X)? |
—=Dbk(a+k)’ . /

It can be easily shown that the variance of the eﬁ'ect of each one
of the interactions is given by

1 2

k e’ .
bk (l — m) | e

while in an unconfounded experiment the corresponding variance is

5.5.(0) =

2.3)

given by
1 ,,
[‘7)7{0 B
Thus the relative information on the confounded interaction in an

augmented partially confounded design as compared to the uncon-
founded experiment comes as

1 k (o r—1 1] a 702
Mb={1—7m+J—?— - +?L+k], @9

This result shows that the information on the partially confounded
interaction depends only on block size and the additional number of
treatments, and for fixed block size the information increases with
the increase of number of replications and the additional treatments
per block, We further notice that the contribution to the total in-
formation made by the replicate in which the interaction is confounded
and is given by the second term in (3.2) decreases inversely with the
number of the replications.

The relative information on the confounded interaction in aug-
mented partially confounded designs as compared to partially con-
founded designs. comes out as-

a 0‘I 2 .
2.5
l_l Tz r— ] a + k] @.3)

which shows that the information of the augmented partially confound-
ed designs is always greater than that of partially confounded designs.

3. Efficiency of error m.s. in the augmented deﬁi;gﬁs —The error
m.s. in the exact analysis of 2* augmented design possesses more degrees
of freedom than that of the pooled m.s. provided from the separate
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analysis of the factorial and additional treatments and thus becomes
more efficient. It can be shown that the d.f. for the error m.s. in the
case of exact analysis is increased by (br — 1) in the augmented com-
pletely confounded designs and by b (r — 1) in the augmented partially
confounded designs. The information provided by the m.s. of the
errors can be compared with the help of the formula glven by Fisher
(1951) according to which the information based on ‘n’ df. for an
error m.s. is proportional to (7 4 1)/(n -+ 3).

4. - Yield curves in augmented designs.—In 2" designs w1th factors
each at non-zero levels and a plots of- control per block as. ‘additional
treatments, the methods given by Fisher (1950) may convemently be
adopted for fitting the yield curve. :

Now by virtue of contro] plots, each factor has three levels with
totals based on unequal number of observations. Let. the totals of
the different levels of a factor be denoted by To, Ty, T, with frequencws
p, ¢, q 1espectively. -

The second degree polynondia] '

y=A+ Bx + Cx,, o 4.1
can be fitted to the data. The values of corstants ‘are given by the
normal equations:

Sod -+ SiB + S2C I,

1A+(2S2+S1)B+ 3Sa+2S2)C=L1 :
S,d -+ (355 + 28,) B + (6S; + 685 + 2S,) C = L. 4.2

Where the unknowns 4, B, C are the polynomial values and its
first two advancing differences, at the working zero at x =1, and

=p+2 C Ly=Ty+ T+ T,
Sy=qg—0p L=T,—-T
DI S, =p " Ly=Tg . 4.3)

- The normal equation reduces to
o A2 A+ (@) B+pC=Ty+ T+ T,
@—pPA+(@+p)B—pC=T—T)
pA —pB +pC=T, .
So]vmg these equations the values of the constants come out as

P Cp=Db=T o Lot pTe =T (4 4
A - o AT q i q pq .
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5. Augmented 2° designs with complete confounding.—As- an
example we shall first consider the analysis of 2° designs in 8 plot blocks
with two additional treatments per block in r replications confounding
completely the interactions ABC, ADE and BCDE. \ -

We now define . .
B,=B;—44, . (5.1

The estimate of the confounded interaction " ABC is provided from
the adjusted contrast [4BC], where

[ABCY = — B'y + By + By — B, 5.2

and that it can be shown that

E[4ABCY = 32r (abc) (5.3
where (abc) is the effect of interaction ABC. .
Thus the estimate of the interaction ABC is given by

ABC = 51 [4BCT. - | (5.4)

The corresponding S.S. for interaction 4BC is given by |
. .

S.S. [ABC] _{[“i’gocr]} . 5.5
The variance of the interaction effect (abc) is given by |

3 o’ |

' 32 r

as compared to

2 r

in an unconfounded experiment. Thus the relative information on
the interaction ABC is given by
I 1 0"62 .
I(4BC) =3 ~5 - - (5.6)
Similarly the estimates of the interaction ADE BCDE and their
corresponding S.S. can be obtained from their adjusted -contrasts

with the same precision as

1 oy
502" |

6. Augmented 25 designs with partial confounding—We shall now
consider 25 augmented partially confounded design in 8 plot blocks
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with two additional treatments per block in two replications confound-
ing the interactions 4BC, ADE and BCDE in the first replication and
the interactions ABD, BCE and ACDE in the second replications.

Now the estimate of the confounded interaction ABC will be
provided from the two replications as a weighted estimate (4BC)",
weights being equal to the inverse of the variances and is given by

__[_ABCT=2 [A.BC>]'_—1]—210‘[ABC]. 6

The estimate of interaction ABC is given by
) X . .
ABC =g l4BC] 6
and its corresponding S.S. i.sv given by
3

S.S. [ABC] = §6{[ABC1}2' - (6.3)

The variance of this interaction effect (abc) works out to be

3.
07 " %

2

"as compared to

in an unconfounded experiment. Thus the relative information is
given by ’
o2, 192 , 340

I[ABC]’ = — 0'e~ ——3;’72‘ .

63 (6.4)

which is greater than % as expected otherwise.

The information in augmented partially confounded designs in- .
creases with the increase in the number of the replications. In five
replications with balanced confounding of three and four factor inter-
actions the information on each one of the confounded interactions
is obtained as

41 1No'2 2102 '
I=(§+§'§)¢?—2?c?' . ©.5)

7. Augmented 3" designs with complete.confounding.—The analysis
of general augmented 3 factorial designs in k plot blocks with «
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addltlonal treatments per blocks replicated r times follows the same
lines as that of augmented 2" designs.

In the case of complete confounding the estimate of each one of
the confounded effects is provided from the contrast formed by the
three adjusted totals X;, i =0, 1, 2, where X', is defined by

Xo=X,—%4, @.n
in which () X, denotes the treatment comblnatlons over ;-rephcatlons
specified by the equation :

a3 X; + GpXy + dgXg + ... 4 a,X, =i mod 3

where the interaction under consideration determines the «s and
(if) A; denotes the sum of all the additional treatments where the i-th
group of factorial treatmens occur 1n the l-rephcatlons

It can be shown that
EX]=3%x—a. . . - (7.2)

where x; is the interaction effect and & is the mean effect of thé w
additional treatments. The estimate of the interaction X -is given by

X = 3,. 31, dev. (X', X'0, X'). - (7.3

The corresponding S.S. of the confounded interaction X is given by
2 - 2=
(LI A - :
8500 = 5 N e
The variance of ‘x;’ as defined above works out to be

at+k 1 2

a 3u—1 F

as compared to
1,
5 e

in an unconfounded experiment. Thus the relative information on
the confounded interaction X is given by . -

(]

a o : : .
a + k- T ’ ‘:= B ; - (7.5)

I(X) =

q
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‘which is exactly the same .as obtained in the case of augmented 20
design.

8. Augmented 3 design with partial confounding.—When the
design is subjected to partial confounding, the estimate of the i-th
component of the partially confounded interaction will be provided

from all the replications as a weighted estimate, X, the weights being
equal to the inverse of the variances,

ie.,
a(r — DX, + (a+lc)X -

pry ®.D
where X’; denotes the adjusted contrasted for the i-th component of
the interaction from the replicate in which it is confounded, and X ;
the contrast of the i-th component of the interaction over (r — 1)
replications where it is not confounded as defined earlier.

=

The estimate of each one of the interaction components each of 2d.f.
denoted by X, is given by
ar + ko
(r—1) 3" (2a+ k)
The corresponding S.S. for the interaction X is given by
' . ar +k
SSM =3 5

Z(Xm (2) . )

X =

dev. [X, Xy, Xo). (8.2)

The variance of such a weighted interaction effect is given by

1 2

— 1 ~ O’B H
311—-1 (’. - k )
a+k
while in an unconfounded experiment it is given by
1, '
e
Thus the relative information on this confounded interaction comes as
1 k. Nd' 2 r—1 1 a ! 2
IX)=(1—<- 2 Y2le 772 4 2f @ \%
X) (1 p a+.,€)0e2 p +r( o5 ®49

which is the same as in augmented 2" designs.
5
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" 9. Augmented 3° design with complete confounding—As an
example we shall consider the case of 3% augmented design in 9 plot
blocks with two additional treatments per block in- r-replications con-
founding completely the interaction AB*C*.

As usual we define the intra bolck comparison as
[4B2C?Y , = [AB*C?], — %A,‘ - (9.1)
where [AB2C?], denotes the treatment combinations specified by
[AB2C?), = x; + 2x, + 2x3 =imod.3 for i=0,1,2
summed up over all the replications.
It can be shown that _
E [AB*C?’; = 9r (ab*? — a). 9.2)
The estimate of the confounded interaction AB2C? is given by
ABCE = - dov. [AB'C?Y o [AB'CHY s, AB'CY,] 9.9)
and its corresponding S.S. is given by-
S.S. (AB2C?)
2
| 2 umcer,]

i=0

=19 Z{[AB2C2] Je . . (9.4

The variance of the interaction effect (ab?c?) is given by

11 -
18r °°
as compared to
1

RS
or
in an unconfounded experiment. Thus tkc relative information on the
interaction AB2C? is given by

2

[(AB*C?) = ——2 I N ©.5)

“There is a great advantage of such augmented designs when the
experiment is replicated only once, as it provides sufficient number

L vpies D

,1
{
7
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of degrees of freedom to the error m.s. For example, the degree of
freedom for the error m.s. in 33 design augmented with two treatments
replicated once are raised from 6 to 10, making error m.s. more efficient.

10. Augmented 3% design with partial  confounding.—In the case
of augmented partially confounded design of 3% in 9 plot blocks in
two replications confounding the interaction 4B2C? in first replica-
tion and AB2C in the second replication, estimate of each set of the
confounded interactions is provided from the two replicates as a weighted
estimate the weights being the inverse of variances. For the inter-
action AB2C?, the weighted estimate of its i~th set is given by

R 22y : 22 .
The estimate of the interaction AB2C? is given by
ABC? =% dev. [[AB2C2A]0,. [A.B2C2A]1, [4B2C?, | (10.2)
and its corresponding S.S. is given by A
S.8. [4B*C?] ..
: 2 coon 12
oo [Buwei)
=55 Z {pcy — 2= 2 | (0.3
i=0 - : ‘ -

It can be shown that the variance of this weighted interaction effect

(ab2025 is given by
A1,
117 '. g,

as compated to

1
18°°

‘2

in an unconfounded experiment. Thus the relative information on
the partially confounded interaction AB2C? is given by

211 130'2 ‘ -
1oy =7 = Lo = 2_2‘;_2 . (10.4)

11 Augmented 3* design with complete confounding.—The analysis
of an augmented 3¢ design in 9 plot blocks with two additional treat-
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ments per block replicated r times is analogous to that of the augmented
33 design both for complete and partial confounding.

We shall consider the case where only one replication is used con-
founding the interactions AB2C2, ACD?, ABD, BC2D2.

Now deﬁning as before

[4B:C?)', = [4B*CY, —-A, _ (11.1)
where [4B2C?]; denotes the treatment combinations specified by the
equation,

X1 + 2x2 + 2x3 =imod. 3

the estimate of this confounded interaction AAB?CZ is given by
AB2C? = %dev.[[ABzcz]_o'; [AB%*C?),’, [ABch]_z'] (11.2)

and its corresponding S.S. is given by

S.S. (AB2C2) 2‘;‘7 [Z’{[AB2C2] L ['_zz,'[AB2C.2]'_i:l 2].

(11.3)
The variance of the interaction effect (ab%c?) is given by

11

547
as compared to

LI

27
in an unconfounded experiment and thus the relative information on
the interaction ARB2C? is

I [AB:C2] = 2 % o

2

! 2

The estimates of the interactions ACD?, ABD, BC2D? are obtained
exactly in the same way with the same information.

12. Augmented 3* design with partial confounding—In partial
confounding when another replication confounding ABC, AC?D, AB*D?,
BC2D? is added, the estimate of the i-th component of each one of
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the partially confounded interaction effects is provided from two
replications as a weighted estimate, the weights being the inverse of
variances. For interaction A4B2C?, the wieghted estimate of its i-th
component is given by

2 [AB>C?); + 11 [4B*C?,

i (12.1)

[4B2C?), =

where [4B>C?]/ is the adjusted total as defined in (11.1) and [4B*C?],
denotes the total of the twenty—seven treatment combinations specified

-by the equation,

x; + 2x, 4+ 2x3 = imod. 3.
The estimate of the interaction AB2C? is given by

ABC? =2—17 dev. [[AB2C2]0, [4B2CH,, [ABzch] (12.2) -

and the corresponding S.S. of the interaction AB2C? is given by

S.S. [AB2C?)

2 ~ 2
= 21737 Z {(IAB*C¥ 2 — [15 [Af2c2]l.]
i=0

(12.3)

The variance of the confounded interaction effect (ab%c?) works
out to be

11
351 %

2

as compared to

1
g2
54°
in an unconfounded experiment. Thus the relative information on the
confounded interaction 4B2C? in partially augmented design is given by
13 o, ‘
221 > Ye
I[ABC]22 Pk
The estimates for the other partially confounded interactions and
their S.S. are obtained exactly in the same manner w1th the same
information.
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~ III: AUGMENTED ASYMMETRICAL' FACTORIAL DESIGNS

13.  Augmented 3 x2» designs in blocks of 3x2*! plots.—For the
present investigation we shall consider designs where. the n-factor
interaction involving all the factors at two levels and the interaction
between this interaction and the factor at three levels are partially
confounded. 1In thesc designs three replications constituting a balanced
design are requircd for cstimating the confounded effects. 1f the block
totals including the additional treatments in the three replications are
denoted by By, Bis,; Bay, Bas; Ba, Bjp respectively and that of the
differences between block totals belonging to the same replication by

By, — B;y = Gy; By — By = Gy; By — By, = Gi.

and the n-factor interaction at two levels is denoted by X and that of the
main effect of the factor at three levels by Y, then the estimate of the
interaction X is provided by

3(k+ o) [X] =3(k + o) [X] + & (G, + G, + Gy) (13.1)

where [X] is the unadjusted contrast for the interaction X.
It can be shown that

E{3(k + o) [X]} = N (9a + 8Kk) (x) (13.2)

where (x) is the effect of the n-factor interaction X and N is the total
number of plots in a single replication.

The estimate of the n-factor interaction X is thus given by

_ 3k + o) [X}

X = N sh (13.3)

and its corresponding S.S. is -given by

B (e + o) [X]P RPN

S.8.(X) = 3NOe + 8k +a)°

The variance of the effect of the interaction X is given by

3 (k +._“2_U.2
N(9a + 8k) ¢

as compared to

1

a2

-1

e
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in an unconfounded experiment. Thus the relative information on the
n-factor interaction X comes as

Slm]laIly, the estimate of the interaction between the factor at
three levels and the n-factor interaction Y, be denoted by X7, is
provided by the following equations:

30+ @) Ry = 3 (k + ) [XL,, + k(= Gy + Gy + G
30k + a) Ry =3 (k + ) [X],, + k(G — Gy + Gy)
3(k+a)R=3(k+a)[X],, + k(G +G—~Gy)  (13.6)

where [X],; denotes the interaction X as obtained from the ith level
of ¥. '

It can be shown that

_N (5k3—|— Qa) by,

E{3(k + o) R} v + Nk (x) | (13.7)

where [xy), is the effect of interaction [X],;. The estimate of the inter-
action XY is given by '

3
XY= N(5k+9)dev [3(k+ ) Ry, 3(k+ o) Ry,

3(k + o) Ry). (13.8)
The corresponding S.S. of the interaction XY is given by

dev.2 [3(k + @) Ry, 3(k + o) Ry, 3 (k + o) Rz]
NGk +93) (k - a)

S.S. (XY) =

(13.9)
The variance of the effect of the interaction XY is given by

9k + a)
NGk + 9q) o

as compared to

in an unconfounded experiment. Thus the relative information on
the interaction XY comes as



72 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

1(X7) = [1 4k ] 7

ET (13.10)

14.  Augmented 3x2" design in blocks of 3X2"-2—In these
designs three (n — 1)-factor interactions of factors at two levels, and
the interaction between these and the factor at three levels may be
chosen for partial confounding. In these designs also, three replica-
tions are required for estimating the confounded effects. If the follow-

ing differences between the block totals in the first replication are
denoted as,

Gy = By + Biz — Big — By,

Gy = Bl; — By + Bz — By,

G, = By — By — Big + By,
with similar expressions for replications II and III, the formule for
the estimates of each one of the partially confounded interactions,

their corresponding S.S. and information are identical to those of the
augmented designs in blocks of 3 x27-1, except for the introduction

. of dashes in G’s as defined above relating to various partially con- -

founded interactions.

15. Augmented 3 X2% design.—As an example we shall consider
a balanced design of 3x2% in 6 plot blocks in three replications
confounding partially the interactions BC and A4BC augmented
with o additional treatments per block. T.et the block totals
including the additional treatments in the three replications be denot-
ed by By, Bis; Ba, Bgs; Ba, Bjy; respectively and that of the
differences between block totals by

Byy — Byy = Gy, Byy — By = Gy, By — By = G, (15.1) -
Then we find
(6 +a) @ =(6 + ) [BC] + 2(Gy + G, + Gy) (15.2)

where [BC] is the unadjﬁsted total of the interaction BC.
It can be shown that the expected value of the same is given by
E{(6 4+ o) 0} = 12 (16 + 3a) [bc] (15.3)

‘where [bc] is its interaction effect.
The estimate of the interaction BC is given by

poo 600

=26+ 39" (15.4
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The corresponding S.S. of the interaction BC is given by

[(6 4 o) OF
$.5.(BC) = 135 44y (T6 30} , (15.5)

The variance of the interaction effect [bc] is given by

_6+a
12 (16 + 30) °*

as ‘compared to
l [+
_ 36
in an unconfounded experiment. Thus the relative information in an
augmented design is given by

/2

I(B’C):[l —3(6—1@]‘.;_: " (15.6)

The interaction ABC is obtained in a s1m1]ar manner from the
three adjusted totals

(6 4 o) Ry = (6 + a) [BCay] — 2G; + 2G, -+ 2G,
(6 + @) Ry = (6 + o) [BCa;] + 2G, — 2G, + 2G;
(6 + o) R, = (6 + o) [BCa,] + 2G, 4 2G, — 2G, (15.7)

where [BCa;] is the interaction total of BCat i-thlevel of ‘4°. It can
be shown that '

E(6 + a) R, = 4 (10 -+ 3a) [abc]; + 24 [bc] (15.8)
where [abc]; is the effect of interaction of [BC]a.

The estimate of the interaction 4BC is given by

- ABC = 0T + 3 )deV [(6 + a) Roa (6 + @) R;, (6 + @) Ry]

(15 9)
and the corresponding S.S. is given by
dev.2[(6 + a) Ry, (64 @) Ry, (6 + @) R ]
§.5. [_ABC] " 4(6 + o) (10 + 30) :
" (15.10)

. The variance of the interaction effect [abc], is given by

_ (649
4 (10 + 3a) 0,2
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as compared to

in an unconfounded experiment. Thus -the relative information on the
interaction ABC is given by

8 o' 2
150 =1 - 55 55 ) - 510

16. Augmented 3x23 design.—The analysis of 3% 2% design in
6 plot blocks in three replications with o additional treatments per
block confounding partially the interactions CD, BD, BC, ACD, ABD
and ABC is the simple extension of augmented 3x2% design. Let
the differences between the block totals in replication I be denoted

by Gy, Gy, G,’, where

G, =By + Bip — Biy — By

G, =By — Bis+ Bia — Bu o

G, = By; — By — Bis + B4 (16.1)
with similar expressions for replication II and IIL
Then we calculate

6+0Q =6+ a)[CD]+2(Gi+ Ga+ G

(6+0)Q" =(6+ ) [BD]+2(G + Go' + Gy)

(6 + a) Q" = (6 + o) [BC]1 + 2(Gy" + G’ +- G5"). (16.2)
It can be shown that S ‘ ) i '

E{(6+ ) 0} =24 (16 + 3a) 1 o (16.3)
where ¢ is the effect of interaction CD S

with similar expressions for the interactions BD and BC.

The estimates of the interactions CD, BD and BC are given by

cpo 6+D0 gy EtaQ
D=6 +39° 24 (16 + 30) °
ge= 61T o (6.

=246+ 30)°
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The corrésponding S.S. of these interactions are given by

{6+a0¥ |
346 + @) (16 £ 30) °

__ [6+001r |
8.5 1BDY = 556 + o) (16 + 3) °

5.S. [CD] =

_ {6+ 0%
$.5-1BC] = spi6 7 o) (16 +39) (16.5)

The variance of each one of the interaction effect is given by

6+a)
24(16 1 3a) °°

as compared to

1
'7—20'

’2

Thus the relative information on each one of the two factor inter-
actions is given by

[t =56 rales
Further, we find

(6 + @) Ry = (6 + a) [CDag] — 2G, + 2G, + 2G,

(6 + a) R; = (6 + a) [CDa;] + 2G; — 2G, + 2G4

(6 + @) Ry = (6 + a) [CDay] + 2G, + 2G, — 2G;.  _ (16.7)

o
N‘ (S

(16.6)

It can be shown that
E(6 + a) R, = 8 (10 + 3a) [acd], + 48 [cd] (16.8)

and therefore the estimate of the interaction ACD is given by

ACD = Wﬁ?) dev. [(6 + &) Ry, (6 +a) Ry, (6 + a) Ry] |
(16.9)
and the corresponding S.S. is given by

dev.2 (6 + a) Ry, (6 + ) Ry, (6 +“)R2]
.5. [ACD] = 56+ 90+ 3)

_ , (16.10)
The variance of the interaction effect [acd], is given by
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(649 _,
8(10 +3e) *

as compared to

1
24°

’ 2

in an unconfounded experiment. Thus the relative information on
- -interaction ACD is given by

. _ __8 o',2
1(4CD) —[1 T a)] o (16.11)

The other interaction 4BD and ABC are obtained in similar
manner by introducing single and double dashes in the above formule.

17. Augmented 3"%2 in 3"1x2 plot blocks—In these designs
a component of the interaction involving the n factors each at three
levels and the interaction between this and the factor at two levels are
partially confounded. Minimum of two replications constituting a
balanced design are required for estimation of the confounded effects.
If the component of n-factor partially confounded interaction be denoted
by X and that of the factor at two levels by Y, then the estimate
of the partially confounded n-factor interaction, X, is provided by

2k +a) Qg =2(k + o) [Xo] — k(B +312+Bzz+323) '
2(k +a) @y = 2(k + o) [X;] — k(By1 + Biz + By + By)
2(k +a) @y =2 (k + o) [Xo] — k (Buy + Byg -+ By + Buo).
- | a7.1)
It can be shown that

EQ(k+0) 0} =kGk +40)x, — k* S x, — 4k Za, (17.2)

Awhere x; vis the effect of the i-th component of the partially confounded

interaction X; and Zaai is the sumrof the effects of all the additional
vtreatments. ‘ '

The estimate of the partially confounded n-factor interaction X

is given by

X= dev. [2(k + @) @, 2(k + ) Oy, 2(k + @) Q]

1 (17.3)

k(3k—|—4)
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The corresponding S.S. of the partially confounded interaction X
is given by

_devE2(k+a) Qo 2(k -+ o) Oy, 2(k + o) 0s]
5.5.(X) = 2% (& 3 o) Gk 1. 4) '

17.4).
The variance of the effect of partially confounded interaction X
is given by
2 (k 4 _a_)_ 2
k(Bk 4 4a) " °
as compared to

1 o' 2

2k
in an unconfounded experiment. Thus, the relative informations on
partially confounded interaction X is given by

’(”.=[1fuTk+7>]'§§' - - a7y

Similarly, the estimate of interaction between n-factor interaction X
and the factor at two levels, ¥ to be denoted by XY, is obtainable
from _

2 (k+‘1) Ro =2 (k+"-) [Xo](ﬁ—yo) —k (Blz_Bla_B22+B23) ]
2(k+a) Ry =2 (k+a) [X]](m—!lo) —k (_Bu +B13+Bz1 —Bjs)
2 (l€+“) Ry, =2 (k+a) [Xz](m—uc) ~k (311*312_321 +Bzz)-
(17.6)
It. can be_shown that

E{2(k + a) R} = k (k + 4a) [xy]; + Nk [y]. (17.7)

The estimate' of the partially confounded interaction XY isgiven

Xy dev. [2(k + @) Ry, 2 (k + &) Ry, 2 (k=+ o) Ro].

1
T k(k + 4a)
(17.8)

The corresponding S.S. for the partially confounded interaction XY
is- given by
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: 1
2k (k + o) (k + 4a)

2(k + a) Ry, 2(k +.a) R;]. (17.9)

S.S. (XY) = dev.2 2 (k + ) Ry,

. The variance of the effect of the partially confounded interaction
XY is given by

2k+ta ,
k(1 4a)”°

as ‘compared to

1,
2% ¢

in an unconfounded experiment. Thus, the relative information, on
partially confounded interaction XY is given by '

_k+4 2 T, 3%k o’ 2
R e b Lt > S AL

18. Augmented 32X 2 design—As an example we shall consider
the augmented design 32 X 2 in 6 plot blocks in two replications with
a additional treatments per block confounding partially 4B% and
AB2C. Let the block totals in two replications including the addi-
tional treatments be denoted by B;;, B.p, By and By, B,y By The
estimate of the interaction, AB2 is provided by the three adjusted
totals:

6+ a) [ABZ],O = (6 + a) [AB2]_0 — 3 (Bye + B]S -+ Byy + Byg)
(6 + a) [4B?]'y = (6 + @) [4B?]; — 3 (Bi; + By + By + Bay)

6+ a [Alelg = (6 4+ a) [{432].2 — 3 (Byy + Bys -+ By + Bsy)

' ' (18.1)
in which [4B?]; .is the total of the treatment combinations specified
by the equation x; + 2x, = i mod. 3, for i =0, 1, 2 summed up over
all the replications.

It cﬁl be shown that

E(6 + o) [4B*) = 6 (9 + 20) [ab?], — 18 X [ab®],:— 12 Sa
(18.2)
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The estimate of interaction AB? is given by

AB?= (6 + a) [4B%]'y, (6 + o) [4B°],

5o [
(6 + ) [ABZ]’Z] . (18.3)

The corresponding S.S. of the interaction 4B? is given -by

1
6(6+a)(9 + 20)

(6 + o) 4B, (§ +BT:|. (180

S.S.(4B%) =

dev.? [(6 +a) BTy

The variance of the interaction effect [ab?], is given by

6+9) .,
6(9+2a) %

‘as compared to

1
2¢

]

in an unconfounded experiment. Thusthe relative information on
the partially confounded interaction 4B? is given by :

I, (4B?) = [1 ~ 5—3—] 0 , (18.5)
(6 +a)l o,

By obtalmng Ry, R, and R; as be]ow '
(6 + &) Ry = (6 + ) [4B ey — 3 Bra -+ Bog — By — B
(6+ o) Ry = (6 + ) [4B*]3¢5—cp) — 3 (Bia + By — Bu — By)
(6 + @) Ry = (6 + @) [4B%Lats,—ep — 3 (Bu + Baz — Bia — Ba)
" (18.6)

it can be shown that L |
E{(6 -+ @) R} = 6 (3 + 24) [ab2c); ' (18.7)

The estimate of the 1nteractlon ABC is given by

AB? C dev. [(6 + a) Ro, (6 +a) Ry, (6 +a)R2]

(18.8)

6(3+2)
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and the corresponding S.S. is given by

S.S. (AB2C) = 56T a)1(3 T2 dev.2 [(6 + o) R,,
(6 + a) Ry, (6 + o) Ry]. (18.9)
The variance of the interaction effect [ab2c]; is given by
(6 +a)
§G 1 20%
as compared to

in an unconfounded experiment.

Thus, the relative information is given by

I (AB20)=[ 2 ]"' : (18.10)
2(6 + a) )

When the design is supplemented by two more replications con-
founding partially 4B and ABC, the estimate of each one of the parti-
ally confounded interactions of factors at three levels is then provided
from the two estimate obtainable from the two designs each consisting
of two replications, as a weighted estimate, the weights being the
inverse of the variances of the individual estimate.

The weighted estimate of the i-th component of partially con-
founded interaction AB? will be provided by [4B%], where

2(6 -+ a) (ABY s+ (6 + o) O + 26) [AB],
(FPICESDES

[4B, =
(18.11)

The corresponding S.S. for the partlally confounded mteractlon
AB? is given by
6+ O +2)+2
12(6 + ) (9 4+ 20)

[4B7,). (18.12)

S.S. (AB?) = dev.? {[4B?],, [4B%,,

The variance of the interaction effect [ab2], is given by

b+
6021 1 4a)
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as compared to

"s . . . A2i40.'824

in an unconfounded experiment. Thus the relative information on
the partially confounded interaction 4B?* in a balanced design comes
a_s ot . . . . . . .
3 a,'? '
9y — |1 — Ie
IZ(AB)_[1 4(6+a)] o 1)
Similarly, the weighted estimate of i-th component of the pért‘ially
confounded interaction 4B2C is given by

st 2(6 + o) [AB*CT, 4 (6 + 0) (3 + 2.0) [AB2C]‘
. upd- G+ T2 +2

(18.14)
The corresponding S.S. for the partially confounded interaction
AB2C is given by :

(6+a)(3+20) +2
12(6 + o) 3 + 29)

[4B%C};, [4B*Cl;}. (18.15)

The variance of the partially confounded interaction effect [ab%c];.is
% : given by

8.5, (4B2C) = dev.2 {[4B*C],,

(6 + a) o2
‘f 6 (15 + 2a) %
5‘ as compared to
. 1,
2'—'4 o

in an unconfounded experiment.  Thus the relative information on
the partially confounded interaction 4BC in a balanced design with
two sets of two replicatio'ns each is given by

I, (AB*C) = [ A LS (.148.16)
2 3 46 Fa)osr”
which is the same as
S,, L5 o .
1,(4B*C) = g + 2 L (4B*C) . (18.17)
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where

S, = Number of sets in which the interaction is partla]ly con-
founded.

S = Number of sets in which the interaction is not confounded

S = S + S, = Total number of sets of two rephcatlons each
used in the design.

I, = Information of interaction from a smgle set of de51gn where
it is confounded. :

The weighted estimates on partially confounded interactions 4B
and ABC, their S.S. and information are exactly identical to that of
the partially confounded interactions AB* and AB3C

19. Augmented 3" X 2 design in 32 % 2 plot blocks—In these
designs components of thrée (m — 1)-factor interactions of factors at
three levels, interactions of these three interactions with the factor at
two levels are taken for partially confounding and component of
n-factor interaction of factors at three levels is taken for complete
confounding. '

_The estimates of these six partially confounded interactions and
one completely confounded interaction and their corresponding S.S.
are obtained in the same way as in augmented 3*X 2 design in 37-1X2
plot blocks.

20. Augmented 3* X2 design in 6 plot blocks—As an example
we shall consider an augmented design 33 X2 with « additional treat-
ments in a set of two replications confounding partially interactions
AB?, AC?% BC?® and 4B2D, AC2D, BC2D and completely interaction
ABC. Let us denote the block totals including the additional treat-
ments in both the replications by By, Bys, ..., Byy; and By, . By,

.., Bjg Tespectively. :

The estimates of the partially confounded interaction A4B? is pro-
vided from the contrast formed by the following three -quantities:
(6 + @) [4B%] o = (6 4+ @) [A4B?],g — 3 (Byy + Bis + By + Byg
+ Bl'] + BJS + B21 + B23 + B25 + -B28
+ By ++ Bog)

PP 30 P R

b
‘f:
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(6 + o) [4B%]'; = (6 + o) [4B%]; — 3 (B + Bis + Bys ++ Big
+ Byg + Byg + B + By, + By + st
+ Bag + By) o
(6 4+ o) [AB*]' s = (6 + a) [AB%], — 3 (Bys + Bis + Bia + Bis
+ By, + Bﬁ + Bzz + Bgs + Bss + Bys

+ Buy + Buy). ' (20.1)
It can be shown that
E{(6 + o) [AB*T }}
= 189 -+ 20) [ab?); — 54 2 [ab],* - 36 3 q, (20.2)

where a; is the effect of the i-th additional treatment.

The estimate of the partially confounded interaction 4B? is given
by '

~ B0 1+ 2a)l dov. {(6 + a) [B®'., (6 + o) [4B7]',

(6 + o) [4B?] ,}. (20.3)

The corresponding S.S. of the partially confounded interaction
AB? is given by '

AB*

5.5.(4BY) = 55 ;a) E e St 6+ UL,
(6 + o) [AB*Y 3, (6 4 o) [4B%]' 5}. (20.4)

The variance of the eﬁ"ectrof the partially confounded interaction

AB? is given by

6+a) _,
180 + 20)°°

as compared to

L,
%7

in an unconfounded experiment. Thus the relative information is
given by 4
2

Ze (209

I, (4BY = [1 - ml_;)] o
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The expressions for the estimates of the partially confounded
interactions AC2, BC? are obtained exactly in the same manner as
that of the partially confounded interaction AB2, with the same infor-
mation as given in (21.5).

For estimation of AB*D we calculate

(6 + o) [4B*DY
= [4B*D], — 3 (Bys + Bus + Buy + Bay + Bog + By
— B;y — Bjg — Big — Byy — Byy — Byy)
(6 + o) [4B°D] 4
= [4B*D]; — 3 (Bn + By + Bls + Bys + Byy - By
— By — Byy — Byyg — Byy — Byg — Byy)
(6 + o) [4B>D] , ,
= [AB*D] s — 3 (Big + Biy -+ By + By + By + By
— By — By — Bu — Bgy — By, — Byy). (20.6)
It can be shown that

E(6 + a) [4B*DY ;= 18 (3 + 20) [ab%d], + 54 F [ab?d],

(20.7)

The estimate of AB2D is given by
AB_Z D = 803 + + 24) dov. {(6 + a) [4B®DY’, (6 + a) [4B2D]',,
(6 + @) [4B*DY 3} @09

The corresponding S.S. of the partially c_pnfounded interaction
AB2D is given by

. 1
18(6 4+ a) (3 + 24)
(6 + o) [4B?D]'y, (6 + o) [4B2D] 5}. (20.9)

The variance of effect of-the partla]ly confounded interaction AB2D
is given by

6+w
BB+ 20

S.S. (4B2D) =

dev.2{(6 + a) [4B*D]

T,



L : AUGMENTED SYMMETRICAL AND ASYMMETRICAL FACTORIAL DESIGNS 85
Y as compared to
1, ,
36 .
in an unconfounded experiment. Thus the relative information on
the partially confounded interaction ABD comes as
L : I (ABZD)=[1 ——9—]"——2 | ©(20.10)
\i 1 2(6 4 a)] o2
I

Estimates of other partially confounded interaction AC2D, BC2D
and their S.S. are founded exactly in the same manner as above with
r information as given in (21.10).

Further we calculate
(6 + o) [4BCY,
= (6—{-a) [ABC].0_6 (B +B12+BIS+B2] +Bay+Byy)
(6 + o) [ABCY 4
= (6—|—a) [A—BC].]_6 (Bla+BJ5+B1B+Bz4+325+326)
(6 + a) [ABC].
(6+a) [ABC] a—6 (BJ7+Bls+Bw+Bzv+st + B2s)

’ (20.1D)
It can be shown that
E(6 + a) [ABCY ; = 36a [abc], — 36 5 a,. (20.12)
The estimate of the completely confounded interaction ABC is .
given by
ABC = iCa dev {(6 + ) [ABCY ,, (6 + a) [ABCT 4,

6+ [ABC]’.Z}- . (20.13)

The corresponding S.S. of coinp]etely confounded interaction
ABC is given by

S.S. (ABC) = ——— dev.2{(6 + a) [4BC]',,

36 (6. (6 + Ny
(6 + o) [4BCY 3, (6 + a) [4BCT ). (20.14)
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The variance of the effect of completely confounded interaction , 1
ABC is given by |
6+a ,
36a ¢ . ;
as compared to ‘ ]
1, |
367 . s
in an unconfounded experiment. Thus the relative information on
the completely confounded interaction ABC is given by .
a a,’?
I, (ABC) = 61 a of" (20.15) -

When all four sets with different system of confounding are used
to make the design balanced, the estimate of each one of partially and
completely confounded interactions is obtained from the four sets,
each consisting of two replications, as a weighted estimate, weights,
being the inverse of variances, in the same manner as done for balanced
32 x 2 design.

Tt can be shown that the information on different partially and
completely confounded interactions are as below:

Information on the partially confounded interactions of factors
at three levels

_I 3 ]o’,,2
N [ 46+ a)lo?
Information on interaction between the partially confounded
interaction of factors at three levels and the factor at two levels

=[1‘4‘(€9+—@]§'.

Information on completely confounded interaction: -
— 1 . 3___ ale?
“[ 2(6+a)]§72' =
4
The results are derived from the general formula :
: Se , S
I, = 5 + f.nll
as given . before. 5
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IV. SUMMARY -

In this paper a general method for exact analysis of symmetrical
and asymmetrical Factorial Designs augmented with additional treat-
ments for various schemes of confounding -and. their relative - effici-
encies have been discussed. In particular the ana]yses of 25, 33, 34
3 %22, 3x23 32x2, 33x2 designs have been worked out. Further,
it has been shown that in such confounded designs, all effects are
recoverable and that the efficiency of error variance is increased due
to augmentation of degrees of freedom in the exact analyses. A method
of fitting a tesponse curve in augmented designs, especially in aug-
mented 2» designs, has also been given, where augmentation provides
one additional point. ' '
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